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Abstract. Many applications in control theory are concerned with the controllability of coupled
systems of PDE’s. A topic which has recently emerged in this field is concerned with controllability
issues for under-controlled coupled systems, characterized by the fact that the number of controls is
strictly less than the number of equations. Such systems appear naturally when one wants to build
robust controls for scalar equations, that is controls which are robust to small unknown perturbations
of the initial data or when one wants to control simultaneously devices in parallel. They arise more
generally in applications, whenever cost constraints or practical realizations, may require that the
controls are activated only for some of the physical variables or for some of the equations.
We shall present some recent advances, based on a general macroscopic method: the multi-levels
energy method, for the locally distributed and boundary control/observability of certain types of
structured coupled hyperbolic systems, namely here cascade system. This method mixes different
levels of energies of the components of the state vector according to the fact that they are observed or
unobserved components. Further time invariance properties of these systems such as time-translation
invariance, reversibility and conservation of some energies, play an important role. It allows us to
deal with controllability/observability issues for such structured under-controlled coupled systems, in
some ”unified way”. A further important concern is to obtain results for geometric situations in which
the control and coupling regions do not intersect. In particular, we give a necessary and sufficient
condition for the observability of the dual cascade system of two equations by a single observation.
This condition, roughly speaking states that both the control and coupling region should satisfy the
Geometric Control Condition. We further generalize this result to bi-diagonal cascade systems of n
equations.These results are valid for sufficiently large control time. We then give applications to the
existence of insensitizing and simultaneous locally distributed or boundary controls of scalar equations
in a multi-dimensional framework and discuss some perspectives.
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